We prove that the set of linear cocycles with simple Lyapunov spectrum is dense in the space of all linear cocycles equipped with the uniform topology.
Introduction
The study of the Lyapunov spectrum of linear cocycles is one of central tasks of the theory of random dynamical systems. In various situations (see Arnold 1] ) it is of great theoretical and practical importance to know when the Lyapunov spectrum is simple. In the particular case of a product of independent and identically distributed random matrices, the Lyapunov spectrum is fairly well investigated and strong results were obtained (see Guivarc'h and Raugi 7], Goldsheid and Margulis 6], Arnold and Nguyen Dinh Cong 2]). We mention that in this case, the cocycles with simple Lyapunov spectrum form a residual set 2].
However, in the general (stationary) case not much has been done. It is known that in the two-dimensional case, using a result of Herman 8] , Knill 9] has proved that the cocycles with simple Lyapunov spectrum form a dense set in the space of all bounded cocycles equipped with the uniform topology. Here, we prove the density result for the general d-dimensional case and thus obtain a generalization of the result of Knill 9] . Moreover, in the case d = 2, our result is stronger than that of Knill 9] : we obtain the density of the set of cocycles with simple Lyapunov spectrum in the space of linear cocycles satisfying the integrability conditions of the MET which is larger than the space of bounded cocycles treated by Knill 9] , and our topology is a bit ner than the uniform topology; furthermore, we are able to perturb any cocycle in an arbitrary set of small positive measure to get a cocycle with simple Lyapunov spectrum, whereas Knill 9 ] is able to perturb on a small but not arbitrary set of positive measure.
Recently, Fabbri 5] has investigated the problem of hyperbolicity of twodimensional continuous-time cocycles generated by di erential equations on tori and obtained the density results with respect to C r -topology, 0 r < 1. Note that the C 0 -result of Fabbri is a continuous-time version of the above-mentioned result of Knill 9] . A drawback of the results of Fabbri is that she needs to perturb also the underlying dynamical systems on tori to get hyperbolicity.
Our result also settles a question which remained open in earlier work 2], where we proved that simple Lyapunov spectrum is dense in L q for 1 q < 1. Let ( ; F; P) be a non-atomic probability space, and an ergodic automorphism of ( ; F; P) preserving the probability measure P.
A measurable mapping A from the probability space ( ; F; P) to the topo- Since we deal with discrete-time cocycles we can always neglect sets of null measure, and we shall identify the random mappings which coincide P-almost surely, and when needed we shall assume, without loss of generality, that the assertions of the MET hold on the whole of .
Denote by G(d) n log kC 1 ( n !)k = 0 P-almost surely:
In this case C is called a Lyapunov cohomology. The notion of cohomology of G-cocycles for an arbitrary topological group G is de ned similarly. We call a G-cocycle a (G-)coboundary if it is cohomologous to the trivial G-cocycle, i.e. to the cocycle identically equal to the identity of G. It is known that for a random subspace we can measurably choose an orthonormal basis (see, e.g., Walters 11] It is known that n( ) is measurable and almost surely nite. The induced dynamical system (E; F E ; P E ; E ) is de ned as follows:
We show that on any given set of positive measure one can perturb any additive R-cocycle with vanishing mean in such a way to obtain a coboundary which is L 1 -close to the original one. ? g(!))j < " for ! 2 V; f(!) = (g( !) ? g(!)) for ! 2 n V: Proof First we prove the lemma in the special case V = .
Let " > 0 be arbitrary. Take and x 0 < " 1 < minf1=4; "g. Put f n (!) := 1 n (f(!) + + f( n?1 !)); D n := f! 2 j jf k (!)j < " for any k ng: By the Individual Ergodic Theorem the sequence f n (!), n 2 N, is tending to 0 almost surely as n tends to 1. Therefore, there exists N 2 N such that 
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Now we are in a position to prove the main result of this section asserting that we can perturb any block-conformal cocycle with vanishing Lyapunov exponent to get an L 1 -close cocycle which is cohomologous to an orthogonal one. If is not ergodic then we can decompose it into a nite number of ergodic components because (l) is nite and is ergodic, and we can apply the above argument to each ergodic component of separately. 
